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1 Introduction

Quantum field theory is a vast subject. There are many interesting facets one could talk about at length
and almost none for which a single essay such as this one could possibly capture entirely. The aim of this
article is to explore the ADHM construction through the lens of twistor theory. Atiyah, Drinfeld, Hitchin
and Manin, after whom such methods- and consequently this essay too- are named, managed to find a
classification of Yang-Mills instantons [1] using linear algebra and complex geometry. This is favourable over
the traditional characterisation of instantons through a partial differential equation.

1.1 What are Instantons?

If we are to explore the ADHM construction it is prudent to first appreciate why we might care about
instantons. Indeed it will serve us well to know what are instantons? The short but perhaps not so
illuminating answer is; instantons are self or anti-self dual solutions to the Yang-Mills equation of motion.
More concretely, and importantly more instructively; instantons are finite minima of the Euclidean Yang-
Mills action within a given topological sector of the action. This sector is labelled by an integer k, often
called the topological charge. They are a field configuration with a well defined size and a stability owed
to a type of topological rigidity. This rigidity stems from the fact that you cannot continuously deform an
instanton solution back to the vacuum via a path with finite action. It is important to realise that these are
not particles in the ordinary sense. They are saddle solutions of the analytically continued path integral and
contribute non-perturbative effects to amplitudes in Lorentzian spacetime.

1.2 What are Twistors?

The language of the ADHM construction is that of complex projective geometry. The proper way to under-
stand this setting is to appreciate twistor theory. Twistor theory was first developed by Sir Roger Penrose
and his collaborators in the 1960's [2]. The theory collects itself as a correspondence between conformal
structure on spacetime and complex structure apparent in the space of null rays. It was Penrose’s contention
that null rays themselves are more fundamental than points in spacetime. The name is intriguing and owes
its designation to a ‘twisted’ stereographic projection of the Hopf fibration onto R3. The funny spelling is
supposed to remind you of the spinors inherent in the formalism, as soon we shall see.

Figure 1. Robinson congruence of light rays

The Robinson congruence is pretty but arises specifically for Lorentzian spacetime. We are interested in
Euclidean instantons and as such won't see this funny picture again.



1.3 What is the ADHM construction?

The ADHM construction is firstly, a powerful tool for constructing instantons. It uses only simple linear
algebra as input data, yielding instantons of a chosen charge, gauged in SU(N) for a chosen N. Secondly,
the construction provides a simple way to characterise the moduli space M, y of charge k, SU(N) instan-
tons on R* with the Euclidean metric.

We will strive in this text to build the ADHM construction from the ground up, utilising the tools of
twistor theory. The first use of the ADHM data as mentioned above will only become apparent in section
5. The second use, however currently unjustified, can be appreciated immediately.

The ADHM data [1] for a charge k, SU(NN) instanton consists of:
1. Ak x N matrix I
2. An N x k matrix J
3. A pair of £ x k matrices By and By
Subject to the following equations:
pc = 1J +[B1,Bs] =0 pr = IIT — JTJ + [By, BI] + [Bs, Bi] = 0
The moduli space is:

Myn ={(I,J, B1, B2) | pc = pr = 0} /U (k)
Where the U(k) symmetry is given by:

Bio— UBy U™
I—UI
J— JU !

2 Geometry

The bread and butter of the twistor theorist, and so for us too, is geometry. Much of the geometry we use
is assumed to be familiar to the reader. We will not endeavour to begin with foundations of the subject,
but appendix A is provided for the physicist who might like to brush up on his or her bundles, forms and
connections; or for the mathematician unfamiliar with the notation and conventions preferred in the physics
literature. To ease the notational burden, we will broadly use script font for real objects, and standard font
in the complex case.

2.1 A Sliver of Differential Geometry

The topological charge of an instanton bundle is given by a quantity called the second Chern number.
Essentially it boils down to the homotopy of S% < S3. We begin by defining Chern forms. The conventions
used here are typical in physics literature. A good reference is Nakahara's book [3]. For an alternative
approach closer to the mathematics literature see [4].



2.1.1 Chern and Chern-Simons Forms
Chern and Chern-Simons forms provide useful topological invariants for principal bundles. They will in par-

ticular allow us to characterise the topological charge of our instantons.

Throughout this section we assume we have a principal bundle & with a matrix structure group G,
connection one form w, and curvature €). The connection and curvature have local representations A and
JF on the base manifold.

Definition 2.1. Given a local connection A, and its curvature F, the Chern-Weil form C(F) is given by:
C(F) = det (1 + Z]—“)
2
One easily sees C(F) is gauge invariant:

CloFg™) = detly- g~ + 5-gFg™") = det(g)C(F)det(y) ™" = C(F)

Expanding this determinant, we find:

C(F)=1+Ci(F)+Co(F)+---+Clz|(F)

n
2

Where n is the dimension of the base manifold .# and Cy(F) is a 2k-form called the k" Chern form.

Turning our heads toward Yang-Mills instantons, we specialise now to .# = R*, G = SU(N). In this
case:

1

The second Chern form is closed as it is a top degree form?.

Since de-Rham cohomology tells us Hj,(R*) = 0 we conclude the second Chern form is exact:
Co(F) =dYs3
This 3-form Y3 [5] is known as the Chern-Simons 3-form.

Proposition 2.1 (Chern-Simons). The Chern-Simons 3-form is given by:

Yy = —tr(AAdA+ 2 AN AN A)
8T 3

up-to an irrelevant exact form.

Proof of Proposition 2.1.

1 2 1 2 2 2
—d(tr(ANdA+ - ANANA) | = —tr(dANdA+ ZdANANA—ANJANA+=ANANdA)
82 3 82 3 3 3

= L tr(dAN A+ 2AN ANdA)
8

:8—;tr(d¢4/\dA+dA/\A/\A+A/\A/\dA+A/\A/\A/\A)
0

_ 871T27sr((cz,4+AAA) A(dA+ AN A))

1

In fact the second Chern form is closed in general by the Bianchi identity.



2.1.2 Chern Numbers

Using the Chern forms we can define Chern numbers for even dimensional manifolds:

Definition 2.2 (Chern Number). Let .# be a 2n dimensional manifold at the base of 7. Then the Chern
numbers for the bundle are:

i = [ CuFIA- Ay (F)
M
where i1 + - +i, =n

We note that for a four dimensional manifold there is only one Chern number given by:

@:/@G>

Note that Chern forms are indicated with capital C's and Chern numbers with lower case c's. We will
see later that the second Chern number is equal to the instanton charge. In fact ¢3 is a topological invariant,
as summarised in the following proposition:

Proposition 2.2. The Chern numbers are topological invariants of the bundle. That is to say they are
independent of the choice of connection A.

Proof of Proposition 2.2. \We will prove the case n = 4 here. Of course this is far from a general proof but
we will only need this result. This proof closely follows the proof in chapter 11 of [3]:

The affine space of connections <7 is locally modelled on Q!(.#,ad%?). If we have Agy, A; € o/ then
it follows that A; = A + t(A; — Ap) also lies in o for some t € R. Let d; :== d4,, Fi = dA + Ay N Ay
and 7 := A; — Ap. Then:

Fi =dAo+tdr + (Ao +t1) A (Ao + t7) dF
1, H:dQT—Ft[T,T]
= Fo +t(dr + [Ao, 7]) + St7[7,
o Fildr EoTD yt ) = =dr+ [Ag, 7]+ 7 7]
= Fo + tdoT + §t2[7', 7] =dr + [Ay, 7] = dyT
1 dCo(Fy) 1 dF;
CQ(]:t) = 87T2tr(]:t A ]:t) — ar = 47T2t7‘( I /\.7:15)

dt’f’(T VAN ]:t) = t’l”(d’f VAN .Ft) - tT(T VAN dft)
=tr(dr NFy) +tr([Ag, 7] ANdA) + tr([A, ) A A A Ap)
=0
=tr(dr AN Fy) +tr([Ae, 7] A Fy) = tr(dem A Fr)

dCo(F)
dt

1
= mdtr(T A .Ft)

Integrating the result on ¢ € [0, 1] tells us that C'(F;)—C/(Fp) is exact. Hence for two connections A, A’ € &7
we get the same Chern number by Stoke's theorem. OJ



2.2 Holomorphic and Hermitian Structure

We now turn our attention to complex geometry. It is assumed that the reader is familiar with complex
structure, almost complex structure, complex projective spaces, and holomorphic vector bundles. For those
who wish to review such material, once again appendix A is your friend. We will begin however with an
alternative characterisation of holomorphic vector bundles, using twisted cohomology. For the reader that
wishes to review cohomology, appendix B is at your disposal.

2.2.1 Dolbeault Cohomology

In this section we develop the necessary tools to talk about the cohomology sensitive to holomorphic struc-
ture; Dolbeault cohomology. A great reference for this section is the book by Griffiths [6].

Let X be a complex manifold. Then in particular, X has an almost complex structure J : TX —
TX, J?= —id. Then we have TcX = T"°X @ T%!' X the +i eigenspaces of J. Similarly we can define:

From this bifurcation one sees:

NTEX = € (APT*H0 @ AIT*01)
ptg=r
QP9(X) =T (APT*0 @ AT*01)

Definition 2.3 (Dolbeault operator). The de-Rham operator naturally splits into holomorphic and anti-
holomorphic exterior derivatives:

d
91 QP(X) — QPTL(X)
8 : QP(X) — QPIL(X)

Noting the nilpotence of the Dolbeault operator, we build the Dolbeault cohomology for a complex

manifold X from the complex:
(@ Q%k(X), a)

k
Hence we get the following cochain:
0,0 9. 0,1 J. 40,2 d
0= Q"(X) = Q" (X) = Q7 (X) — ...
Dolbeault cohomology is then given by the quotient:

_ ker(d: QOKF(X) - QMF1(X))
B ) = @ 07 1)  OHX)

2.2.2 Holomorphic Vector Bundles

It will be convenient for us to use a definition of ‘holomorphic vector bundle’ that differs from the standard
but equivalent description in terms of holomorphic transition functions. We shall make use of a ‘partial
connection’ to prescribe holomorphicity to sections. See [6] for a good reference.



Definition 2.4 (Holomorphic Vector Bundle). A smooth rank n complex vector bundle £ — X is in fact a
holomorphic vector bundle if it comes equipped with a zero curvature covariant Dolbeault operator:

oa: Q"(X,E) - Q"X E)
In a local patch U C X this can be expressed with a ‘partial connection’ A € Q%L(U, gl(n,C)):
Oa=0+A
And the zero curvature condition is:
F%2 =9A+ANA=0
A section S € T'(E) is holomorphic if it is covariantly constant (i.e. 945 = 0).

Remarks 2.1.

1. The partial connection is entirely analogous to a standard connection on a smooth vector bundle and
gives rise to a Dolbeault operator which is just like a normal covariant derivative. The only novelty
here is that we only care to covariantly differentiate in the anti-holomorphic directions.

2. The covariant derivative can of course be extended to all p, g forms via a Leibniz rule.

3. Just as for smooth bundles there is a notion of a holomorphic principal bundle P equipped with a
connection w € Q%! (P, g). If the holomorphic vector bundle is associated to this principal bundle, then
the partial connection arises from a representation of the group entirely analogously to the smooth
case.

Lemma 2.1. The flat condition F%2 is equivalent to the nilpotence of J4.
Proof of Lemma 2.1. In a local patch with partial connection A, for any section on this patch we have:
5A o 5AS = 5,4(55’ + AS)
= 0(AS) + A0S + AN AS
= 0AS — AGS + AdS + AN AS
= F%*5

As a result of lemma 2.1 the following complex:

0 QX B) 5 Q¥ (X, B) & QP (X, B) P . 2 00X, B) 5 0

gives us a ‘twisted Dolbeault cohomology’ analogously to the twisted de Rham theory algebraic geometers
interest themselves with. We will revisit this in section 2.4.

Proposition 2.3. The standard definition A.17 of a holomorphic vector bundle (in appendix A) and the
definition 2.4 are equivalent.

Lemma 2.2. The flat condition F%? = 9A 4+ AA A = 0 on any patch U implies we can choose a gauge
such that A=0on U.



Proof of Lemma 2.2. We will show that choosing g : U — GL(n,C) such that gAg—! — (9g)g~ = 0 is
consistent with F%2 = 0.

dg = gA
0=0(gA) =g ANA+ g0A =gANA+ gdA = gF?

Where in the second line we took the Dolbeault derivative. Hence we see that the existence of such a gauge
is contingent on F*2 = (. O

Proof of Proposition 2.3. We begin with a holomorphic bundle as defined in definition 2.4. We will show
that a transition function is necessarily holomorphic in the sense of A.17.

Consider transition function Y : UNV — GL(n,C) and a section S that locally is given by Sy €
QY9(U,E) on U and Sy € Q%°(V, E) on V. Then we have Sy =Y Sy and on U N V:

0+ Ap)Sy = (0+ YAy Y1 — (Y)Y HY Sy
=90(YSy) +YAySy — (0Y)Sy
=Y (0+ Ay)Sy
But by Lemma 2.2 we can choose a gauge such that Ay = Ay = 0. Hence:
ISy =YoYy 'Sy Vv s
= JY =0

2.2.3 Hermitian Structure

A Hermitian inner product is the complex analogue of the standard real inner product. As familiar from
quantum theory, it is a sesquilinear positive definite inner product on a complex vector space. One can equip
a complex vector bundle with a Hermitian structure in much the same way as one equips the tangent bundle
of a smooth manifold with a metric tensor.

Suppose E — X is a rank n holomorphic vector bundle. Then we make the following claim:

Proposition 2.4. A Hermitian structure on E is equivalent to linear isomorphisms on each fibre F,:

E,~E;
where the bar indicates complex conjugation and the star indicates the vector space dual.

Proof of Proposition 2.4. A Hermitian structure on the fibre E, is a map h, : £, x E, — C anti-linear in
the first slot and linear in the second. Define the following anti-linear isomorphism:

¢y By — E}

v = hg(v,-)

Then pre-composing ¢, with the conjugation involution i : £, — E, ; v + © gives the desired linear
isomorphism:



2.3 Line Bundles and Serre Twisting Sheaves

Algebraic geometers have much interest in the spaces denoted O(n), n € Z over CP* [7] and regard them
as locally free sheaves of rank 1. For now it will be in our interest to view these objects instead as complex
line bundles over CP*, an equivalent viewpoint. These line bundles will play a crucial role in the ADHM
construction on twistor space.

For now let us discuss O(n) on CP'. Let [w; : wa] be homogenous co-ordinates on CP'. Take Uy, Uy
to be the usual charts Uy = {[wy : wo] | wy # 0}, Uy = {[wy : we] | we # 0}. Furthermore we define
z = {2 to be our co-ordinate on the first patch (around 2z = 0) and Z = { our co-ordinate on the second
patch (around the pole z = o0), noting that Z = % on the chart overlap. Now consider holomorphic maps
o1:U; — C and o9 : Uy — C. We will define the holomorphic line bundle O(n) by gluing these ‘sections’
in the sense of transition functions (see definition A.17).

fii(z) =1 (2.1)
fo2(2) =1 (2.2)
fi2(z) = 2" (2.3)
fa1(2) = 2" (2.4)

Now because o1 and o9 are holomorphic functions of z on U; N Uy, we can expand them in a power
series on this intersection, for now taking n > 0:

o1(2) = ag+ a1z + azz® + ... (2.5)
09(z) = for01 = apz™ " + a1z bagz " 4 a1z an Faniz .. (2.6)
(2.7)

This expansion for oy is finite everywhere on U;. However extending o2 holomorphically to all of Us requires
that o9 has no poles at z = oo which forces a,, = 0V m > n. Hence we have global sections of the form:

ag+aiz+ -+ a,z"” on Uy
g =
Gp + Ap—1Z+ -+ apz™ on Us

Repeating the same argument for n < 0 and taking £k = —n > 0:

o1(z) = ag + a1z 4 a2’ + ... (2.8)

02(2’) = f210’1 = aozk + a12k+1 + a22k+2 —+ ... (29)

Again o1 extends holomorphically to include z = 0 but o2 has a pole at z = oo unless a,, = 0V m.
Hence for negative n, O(n) admits no global sections.

We now consider the holomorphic tangent and cotangent bundles on CP!, which one notes are both
examples of line bundles.

10



o 920, 0

g 0z 0 20 0
Jl(z)@ = 0'1(2)&£ = —01(2)z 5 = O'Q(Z)ag (2.11)
o9 = —2201(2) (2.12)

0z 5
dz = gdz = —2z°dz (2.13)
0z _ -

m(z)dz = nl(z)a—Zdz = —n1(2)2%dZ = my(2)dz (2.14)
m2(2) = —2%m(z) (2.15)

As such we see:
TOCP! = 0(2)

T*OCP = O(-2)
Remarks 2.2.

1. The factors of —1 in the transition functions are irrelevant. One can remove them by simply negating
the basis on one patch.

2. If we were to entertain ourselves with the anti-holomorphic directions we'd have little trouble finding
TOICP! = O(2) and T*%'CP! = O(—2) where the bar indicates conjugation.

3. We can and will make use of these bundle isomorphisms to write sections of the bundle O(—n) as
f(z,2)dzz, where n > 0 is a positive integer and dz2 encodes the transformation property required.

Strictly speaking to make the third remark precise we ought introduce the spin bundle k£ = O(—1) and

. . 1 . . . . . 1
first define dz2 as a section of this bundle. Being more careful here will not change much of anything so dz2
may be taken to be convenient notation encoding the right transformations and not regarded as a spinor at
this stage, although of course that is what it is.

2.4 Twisted Dolbeault Cohomology

We can further generalise this cohomology for Dolbeault forms valued in some holomorphic vector bundle.
We shall use the partial connection on the bundle to consider the twisted cohomology.

As we saw in section 2.2.2, we can use the nilpotent partial connection on a holomorphic bundle E to
obtain the following cochain:
0,0 94, 0,1 94, 0,1 da 94, 0 da
0—=Q"(X,FE) = Q" (X,F) = Q" (X,F) = ... 5 QP"(X,E) =0
The cohomology we get is then:

ker(da : QF(X, E) — QUL (X E))

HY(X. E) = -
(X, E) im(94 : QOF—1(X, E) — QO (X, E))

Consider the case when X = CP! and E = O(—n). This example will be relevant when we come to
discuss the Ward correspondence. Then elements of Q%!(CP!, O(—n)) can be written in the form:

f(z,2) dz2 ®dz

11



Where f : CP' — C is a complex function, dz2 is a local section of O(—n) and dz a local section of
Qo’l((CIP’l). To ease the notational burden, from here we drop the tensor product. From context it will
always be clear what object we have.

The zeroth class is easy to compute, since:
HY(CPY, O(—n)) = ker(da : Q*°(CP!, O(—n)) — Q1(CP', O(—n)))
= ker(da : T(O(—n)) — Q»1(CP', O(—n)))
= {holomorphic sections of O(—n)}

Theorem 2.1.
0 f > —1
HY(CP',Om) =4 0 1=
C"™ *form< -2
We will not prove the full theorem here, but rather the case n = —2 to illustrate the nature of such a
proof.

Partial Proof of Theorem 2.1. We will exploit the fact that Dolbeault and Cech cohomology compute the
same topological obstruction here. For more on Cech cohomology see appendix B. We take the standard
chart cover {Uy,Us} of CP! as given in equation A.3. We write our anti-holomorphic O(—2)- valued one
form as:

a = f(z,2)dzdz € Q¥ (CP', O(-2))
Which we observe is closed:

_ Of (2,2
da =22 4 gz naz o
0z
It should be noted that we have used lemma 2.2 to set A=0. In the Cech language «a is a co-cycle. There is
a ‘Dolbeault lemma’ in perfect analogy with the Poincaré lemma for real manifolds, that insists « is locally

Dolbeault exact:

doy € QO’O(Ul,O(—Q)), o9 € QO’O(UQ,O(—Q)) such that « ‘Ulz 50’1 and « ’UQZ 502

The question then is when is « exact globally? In the Cech language, when can we glue these local sections
together to form a global section? On the intersection Uy 2 = Uy N Us:

0=al|y, —a|y,=0(o1 — 02)

Hence we deduce o1 — o9 is holomorphic, and write 01 — 02 = g(z)dz = —g(Z)dZ where z and Z are the
standard co-ordinates on the patches U; and U; respectively, with z = z~! on the overlap. The minus sign
accounts for the transformation property of dz € I'(O(—2)) as noted in Remarks 2.2.

som=-a(2)at) - (1)

Hence we see that on Uy = C* we have g(z) = g (1). Expanding g(z) in a Laurent series on C*
g , k € C and hence we see the failure of these sections to glue is 1-dimensional:
HY(CP',0(-2))=C

Which concludes the proof. O

immediately forces g(z) =

From here on, a better notation for the Dolbeault cohomology discussed in section 2.2.1 is:
H*(X,0) = H*(X)
Dolbeault cohomology calculates sheaf data and this notation keeps an honest accounting. One should read
O as 0(0).

12



3 Yang-Mills Instantons

We now turn to our theory of interest, Yang-Mills theory. We shall begin with a brief review of the Abelian
theory, then swiftly review the general construction. We will then discuss self duality and the classification
of instanton solutions, before turning to a concrete, simple example. For a detailed review of this subject
[3] is a great book.

3.1 Yang-Mills Theories
3.1.1 A Light-Speed Review of Maxwell’s Electrodynamics

We begin with an overview of Maxwell’s electrodynamics in the vacuum; written concisely and naturally in the
language of Cartan’s differential forms; Maxwell theory and its generalisations thereof are geometric theories.

The electric and magnetic fields are packaged into a gauge one form A and its curvature 7 = dA. We
then begin with a classical action & la Hamilton:

SAl=—- | FAXF
2 Jpa
From which one derives the equation of motion (3.1) and the Bianchi identity (3.2):

d«F =0 (3.1)
dF =0 (3.2)
We get the Bianchi identity for free by virtue of the nilpotence of the de-Rham operator. The Gauge

invariance of the action leads us to interpret Maxwell's theory as one of connections on a U(1) principal
bundle.

3.1.2 Non-Abelian Yang-Mills

It is natural to ask, given a compact Lie group G for which one wishes to construct a gauge-invariant theory;
what should such a construction look like. These generalisations of Maxwell go by the name of Yang-Mills
theory. Here we will (very) briefly review the action as we did with Maxwell.

For a Yang-Mills theory with compact structure group G and Lie algebra g = Lie(G) one writes the
action:

S = =5 [ (Frsp)

Where the curvature F is given by:
F=dA+ANA

Both the connection A and its curvature are valued in g. The bracket (-,-) : g x g — R is the invariant
Killing form on g. As before we vary the action to arrive at the equation of motion (3.3). The Bianchi
identity (3.4) as before is structural.

da*xF =0 (3.3)
daF =0 (3.4)
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Where d, 4y = d + p(A) is the covariant derivative. In particular if p : G — GL(V) is the adjoint
representation Ad : G — Aut(g) then we drop the subscript p for convenience and so for a Lie algebra-
valued k-form w € QF(RY3, ad2?) we have dw = dw + [A,w] where one recalls ad : g — End(g) sends
A [A -]. & here is the underlying principal bundle.

3.2 Instantons and Anti-Self Duality

As briefly introduced in 1.1, instantons are finite action solutions of the equation of motion which minimise
the Euclidean Yang-Mills action within a topological sector. After we identify the killing form on SU(N)
with the trace over matrices we see:

S[A] = — /R 1r(F A +F)

:—;A4tr((f+*f)/\*(]-"+*]-"))+/IR41€T(]-"/\]-")

1
:_2/ tr (F +*F) Ax(F + *F)) +8mcs
R4

>0

Hence the action is bounded below by 872 times the so called ‘topological charge?’ cy; the second Chern
number as introduced in section 2.1.2 (which we have assumed to be positive). The bound is saturated for
anti-self dual solutions® F = — x F.

We note that for anti-self dual gauge fields the Bianchi identity and Yang-Mills equation of motion
coincide; as such self dual connections are automatically on shell solutions; instantons.

In co-ordinates z* on R*, we shall denote the local covariant derivative along the i*" direction (associated
to dA) by D;.

Proposition 3.1. The anti-self dual Yang-Mills equation on R* is equivalent in co-ordinates to:
Frot+Fu=Fp+Fi3=Fuu+Fa3=0 (3.5)

Proof of Proposition 3.1. For a 2-form w on R* equipped with the standard Euclidean metric:
1 1
(*w)ab = ideecdab = §wcd€cdab

Hence:

1
(]: + *F)ab = Fab + = Fed€cdab

2
1

(F+*F)12 = Fiz2 + 5fcd€cd12 =Fio+ Faa
1

(F+*F)iz3=Fiz+ i}-cdecdl?) = Fiz3 + Fa2

1
(F4++F)uu=Fuu+ §fcd€cd14 = Fia + Fo3
S F4+RF =0 = FiotFau=Fi3+Fa2=Fu+Fa3=0

2Sometimes in the physics literature this quantity is also called the instanton number, but we shall not use that language
here.
3Had we instead taken the topological charge to be negative, we'd have found the bound saturated for self dual solutions.
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Definition 3.1. We define the following complex combination of covariant derivatives:
1 .
D1 = §(D2 — ’LD1) (36)
1 .
D2 = 5(@4 — ZD?,) (37)
Proposition 3.2. The anti-self dual equations 3.5 are equivalent to the following pair of equations:

[D1,D2] =0 (3.8)
(D1, D] + [D2, DI} = 0 (3.9)

Proof of Proposition 3.2.

1 . .
[Dl, DQ] = Z[DQ — ZDl, D4 — ZDg]

1

= 302, D] ~ [Py, D)) = (D1, D] + [P2, D)

. [Dl,DQ]ZO <— Fp+Fi3=0 Figs+ Fo3=0

.

1
(D1, Di] + Dy, D] = 7!

Dy —iD1, Dy + ZDl] + 1 Dy —iD3, Dy + ZDg]
7
- 5 ([D27D1] + [D47D3])

" [D1, DI 4 [Dy, D} =0 <= Fiy+ Fay =0
0

As we shall see in section 5, these equations 3.8 and 3.9 are essentially the ADHM equations 5.4 and
5.5 with I = J = 0. I and J carry information about the non-triviality of the instanton bundle on S%, the
conformal compactification of R%. Since here we have made no such effort to construct a bundle on S* and
have simply asked for anti-self duality on R*, we probe here only this narrow subset of the instanton moduli
space.

3.3 The BPST Instanton- an Explicit Example

We shall now explicitly look for an instanton. We will concern ourselves with SU(2) Yang-Mills theory
on R*. This solution was first discovered by Belavin, Polyakov, Schwartz and Tyupkin [8]. The way we
formulate the solution here is similar to the construction used in [9].

It is very useful in fact to realise SU(2) as an embedding in H, the quaternions, which we will briefly
review.

Quaternions are the largest finite normed division algebra:

H:{x1+ia}2+j$3+kx4’$1,:IJ2,Z‘3,£U4€]R, i2:j2:k2:ijk:—1}

We can naturally identify R* = H via (21,72, 23, 74) > o1 + iz2 + jz3 + kxy, and we will denote both
as x. We will write Z(x) = z for the 'real’ part of x and .#(x) = ixy + jxs + kx4 for the ‘imaginary’
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part, noting this definition of imaginary includes i,j,k in contrast to the convention for C. Conjugation is
given by X = x1 — ixe — jxs — kx4. There is a natural inner product on H given by x - y := Z(xy) which
agrees with Euclidean inner product on R*.

The utility of this exercise is not only that our spacetime is isomorphic to the quaternions, but in fact
our Lie group is isomorphic to the unit quaternions:

SUQ2)={xeH|x -x=1}

<a+z‘ﬁ v+ 8

4 id a—zﬂ) —a+if+jy+ ko

For which the group multiplication is easy to verify. Differentiating at the identity 1 = 1 immediately gives:

The proposed instanton connection and its curvature are then the .# (H) valued forms on H:

,Mmzl%LPJ@d@ (3.10)
1
F(x) = Wdi/\dx (3.11)

To verify this, we must first show that A is anti-self dual, and further find its topological charge. Expanding
dX A dx it is easily seen:

dX A dx = 2i(dzy A dzy — dxs A dxy) 4+ 2j(dxy A dxs — dzg A dzs) + 2k(dzy A deg — dxs A dxs)

We easily see that F is anti-self dual by proposition 3.1. To determine the topological charge we simply
compute the second Chern number:

1
0 =— tr(}"/\]:)

87‘(’
/ 1+ |X| 4 { (dzy A dxe — dxs A d$4) + (dzxy A dxs — dxg A d$2)2 + (dzy A dag — dg N de)Q}

471'2/ 1—|—|x| 4{ 6dxy A dxg A drs A dzy}

_wz/oo(Hxl)

— 6 3
= ﬁAT@CL(S )/0 drﬁ

1
12

73

272
Cy = 1

We shall revisit this instanton later, deriving it from the ADHM construction.
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4 Twistor Theory

The twistor correspondence is a non-local mapping between spacetime and complex projective space. It
captures conformal spacetime structure in complex structure on ‘twistor space’. It is a formalism that
has proven capable of calculating amplitudes more efficiently than certain Feynman integrals in QFT [10].
Twistor theory happens to be the correct landscape in which to frame scattering of massless fields. On this
point we shall elaborate immediately. A good reference for this section is the book by Penrose and Rindler,
Spinors and Space-time: Volume 1 [11].

4.1 Spinor-Helicity Variables

In a tradition that might be called the ‘Weinberg approach’, there is an argument that quantum field theory
and its excessive baggage of gauge redundant degrees of freedom is the wrong way to formulate fundamen-
tal physics. This arguably quite radical view is popularised for example by Nima Arkani-Hamed. Physicists
sympathetic to this reformulation argue that particles (those pesky things we actually measure) are truly
what exists, and that fields are emergent. This view predicates on an argument from symmetry. Wigner's
classification tells us that it is particles whose existence is guaranteed by irreducible representations of the
isometry group of spacetime. Fields appearing off-shell in scattering processes simply don’'t demand existence
in the same way. Even if one doesn't find this convincing, it is hard to argue with the fact that amplitudes
formulated in terms of observable kinematics (spin, helicity, momentum etc) are drastically simpler to com-
pute than traditional Feynman integrals plagued by gauge redundant polarisation vectors. It is in the so
called spinor-helicity variables that massless scattering simplifies. The twistor correspondence too is vastly
simpler in these terms.

In this section we work in an analytically continued spacetime, C*. One can recover their favourite
signature (Lorentzian, Euclidean, split or what have you) by selecting the appropriate real slice R* ¢ C*.
We will discuss how to do this for the Euclidean signature (as is relevant for our Euclidean instantons)
shortly. The conventions for these variables and their contractions, in this section, as well as the discussion
of amplitudes closely follow [12].

We shall make use of the following well-known isomorphism#* [11]:

Theorem 4.1 (Lorentz Algebra). The complex Lorentz algebra so(4)c is isomorphic to two copies of s((2, C):
s0(4)c & sl(2,C) @ sl(2,0)

Using theorem 4.1 we can write objects in C* carrying a Lorentz index 1 instead with a pair of indices
ae such that the dotted index corresponds to the first (left handed, or negative helicity) copy of the spin
group SL(2,C); the undotted index corresponds to the second (right handed or positive helicity) copy, and
both dotted and undotted indices run over {1,2}.

We shall see this explicitly for the co-ordinates 2# on C*:

20423 ! — ix2>

o (a7 ad
=T = (0 rr = .
( M) (ZL'l Zl’Q xO o $3

“*In some sense the seemingly miraculous capability of the ADHM construction to translate self duality into linear information
on projective space can be traced to the fact that in a complexified spacetime, the Lorentz group (SL(2,C) x SL(2,C))/Z2
and the conformal group SL(4,C) simply act linearly on planes.
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Where (0,)%¢ is the a component of the p!* Pauli matrix:
o 10 01 0 —i 1 0
re 0 1)°’\1 0/’\¢« 0)’\0 -1

1. The metric in this formalism is encoded in the determinant: det(dz®®) = (dz?)? — (dz')? — (dx?)? —
(dr)?

Remarks 4.1.

~C

2. 2t null <= det(z®Y) =0 < Jy*, 7% 299 =y

We can similarly write the metric as:

S€apEspda®® ® dzPP = (dm“ ® dz*? + dz** @ da'' — dr'? @ do?*' — d2*' ® dx12)

2

N =N =

((dz° + dz®) ® (da° — da®) + (da” — d2®) ® (da® + dz®)
—(da’ —ida?) ® (dz' + ida?) — (da' + id2?) @ (dat — idz?))
= (da”)? — (da')? — (d2?)* — (dz”)?

We can equally well do the same thing for momenta P*. Hence for null momenta (i.e. for massless
particles) we have:

PH s \O)\&

One notes that P is invariant under the rescaling A% — tA%, X% — ¢t~1A\% V¢ € C*. This is precisely
the freedom necessary for amplitudes written in spinor-helicity variables to transform appropriately under
helicity. l.e. for an n-point (stripped) amplitude Ay, p,. (AT, M%&) with massless external particles carrying
helicity labels hy:

Ao AL AN = I = 6722 Ay (A AD) [12]

Noting that the antisymmetric epsilon symbol is the only SL(2,C) invariant, we shall follow [12] and
use angular brackets to denote the contraction of undotted spinors:

(AFAD) = Af NS eap =: (12)

and rectangular brackets for dotted spinors:

We can readily see that the scalar product becomes:

P1 : P2 — <12>[12]

which isn't weighted under helicity transformations.

By considering nothing but the following:

1. The S-matrix should not be weighted under helicity A® — tA%, X% — t~1\.
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2. The S-matrix should respect locality and so the amplitude ought only have simple poles.
3. The S-matrix should respect unitarity and so the amplitude should factorise on poles.

One can readily prove charge conservation for massless spin 1 (photon, gluon) scattering, the equivalence
principle for massless spin 2 (graviton) scattering and inconsistency of higher spin scattering.

To see the power of this formalism, before even we arrive at twistors, we present the graviton 3 point
MHYV (maximally helicity violating) amplitude first arduously calculated by de-Whitt [13] but realised here
by simple consideration of helicity weighting:

1 2 1 (12)2 \?
- Mpz<<13><23>> 12

3+2

4.2 Twistor Space

We have several times eluded to this twistor correspondence, so what is it? There are actually multiple ways
to get at the geometry here. Perhaps a little mystifying to begin with, we start with a double fibration. This
has the drawback of initially appearing terribly co-ordinate dependent, but conceptually the learning curve
is the shallowest.

4.2.1 The Double Fibration

We shall first build twistor space PT as the right hand base of a two sided fibration, the left hand base of
which we take to be our complexified spacetime C*.

f
% &)
ct PT
Figure 2: The double fibration of the correspondence space over complex spacetime and twistor space.

We shall equip our spacetime with spinor-helicity co-ordinates z®®*. The correspondence space, F, is
defined by an equation called the incidence relation:

F = {2 [u* : Aa]) CCH x CP? | pu® = 299\, & (A1, \2) # (0,0)} (4.1)
We see F is to be understood as the graph of the ‘incidence relation’:
pt = %%\, (4.2)
In fact F is the smooth sub-variety of C* x CP? carved out by the incidence relations.
We have parameterised the space (CIP3\(CIP’1 by homogenous co-ordinates:
Z=[ X =l A (M) # (0,0)
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The projection maps are then just projection onto the first and second factors:

7 F— C* 7y : F — PT
(xaol’ [,ud . )\a]) — xao’z (J,’ad, [,uo'z . )\a]) — [,U/d . )\a]

The incidence relation has solutions for all Z € CP3\CP!. In other words twistor space is simply
PT = CP3\CP.

To explore the nature of this non-local correspondence between complexified spacetime and complex
projective space, we ought to fix a point z € C* and see what we get in twistor space.

If we fix z and let [\ : Ao] vary, u® is fixed by the incidence relation. Hence we see that for each point
in spacetime, we get a Riemann sphere CP! in twistor space. We shall refer to such complex projective lines
as ‘twistor lines’, and denote the twistor line corresponding to x by L,. The linear, holomorphic incidence
relation guarantees that each twistor line L, C PT is linearly and holomorphically embedded.

On the other hand, if we fix a twistor Z = [u® : \,], we get a totally null complex 2-plane in C*, known
as an alpha plane. To see this consider two points z,y € C* whose corresponding projective lines in PT
intersect. Since the twistor lines are linearly, holomorphically embedded they must intersect at a unique
twistor, or not at all>. We shall consider the case L, N L, # (. Suppose then that L, N L, = [,ud W
From the incidence relations we see:

Iudc — :L,O{O'c)\a ’ud — yad)\a
= 0= (z— y)o“j‘)\a = eaﬁ(:p — y)BdAa

From this we can infer (z — y)/f“ o Ag and hence INY : (z — )™ = A*NY,

x —y has rank 1, and so = and y are null separated. We get the entire null complex 2-plane parama-
terised by A%*. Any pair x,y on this plane have corresponding projective lines in PT that uniquely intersect
at [u® @ Aol

We can interpret PT as providing a Riemann sphere’s worth of complex structure for T,,C*. This is
expressed in the following proposition:

Proposition 4.1. At each point € C* the corresponding projective line L, C PT gives a Riemann sphere’s
worth of complex structures for the tangent space 7,,C*

Proof of Proposition 4.1. Fix a twistor Z = [u% : A\,] € PT such that it's alpha plane & ¢ C* contains the
curve z(t). Suppose further we have V% € T,C* where z = z(0).

Md — .’Bad(t)Aa
0=V,
— TR = {V* | Vo), =0}

®One nice way to appreciate this fact, is to consider two Riemann spheres CP. and CP; living in some ambient space.
Suppose their intersection CP; N CP, = S' is a real circle. Then this intersection is not a complex manifold, and the Riemann
spheres were not holomorphically embedded in the ambient space after all.
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Where we differentiated with respect to the curve parameter t and evaluated at ¢ = 0. We now simply
choose to define the complex structure at x by:

T10ct = T,

4.2.2 Twistor Space as Serre Twisting Sheaves:

Another way to get a feel for the geometry is to view twistor space as the following bundle:
PT = O(1) ® O(1) — CP!
Because of the fact A\, # 0 in Z = [u® : \s], we have the projection:

PT — CP!
[/Jd : )\a] = [/\a]

As such we conclude we can build twistor space as a bundle over a Riemann sphere, but what are the
fibres? Homogenous co-ordinates satisfy [u® : A\y] = [ku® : kAy]. On the standard co-ordinate patches on

CP' we have:
i 2 i 2
weop weop
Z=|—,— Z=|—, =

z=37 w=3o

With w = % on the overlap of the charts. As such when passing between co-ordinates we have

1
2w = —
z

TE g S T T W (B Y/ W
)\17>\17 )\27)\27 z)\l’z)\l’z
Which is to say ui and ,u2 give sections of O(1).

It will be useful to move between homogenous co-ordinates Z = [ui : /ﬂ : A1 A2] and co-ordinates on
the standard patch Uy = {[A\; : Xa] | A1 # 0} on the base CPP!. On this patch we have twistor co-ordinates:

i3
i v [ opS A
(V,V,z)._ ()\17)\1,)\1>

In these co-ordinates we have the incidence relation:
V=l 4 pg?e (4.3)

We shall freely move between homogenous co-ordinates (2%, [u® : A,]) on F and non-projective co-
ordinates (z®*, V%, z) whenever convenient.
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4.3 The Ward Correspondence

The Ward correspondence is essential in the ADHM construction. Ward [14] showed that we can construct
anti-self dual bundles® on spacetime by first choosing a holomorphic bundle on twistor space, which is trivial
on each embedded Riemann sphere. In this section we endeavour to convey this elegant result. We have
closely followed the lectures by Costello [15].

4.3.1 Anti-Self Duality in Spinor-Helicity Variables

If we hope to draw a connection between anti-self dual bundles on spacetime and holomorphic data on
twistor space, then first we need to be able to express curvature, and more generally any 2-form on C#, in
spinor-helicity variables.

A generic 2 form F on C* can be written in spinor-helicity variables as follows:

1

F .

F

For Fad% to be anti-symmetric under exchange of ad BB, either o < B is symmetric and & ﬂ
anti-symmetric, or vice versa. Using the fact that the only antisymmetric object in two dimensions is € up
to a factor, it's clear we have:

F &b :eaﬂFaB+ea5Faﬁ (4.4)

«
Where ng and F,g are symmetric.
In fact, the spinor-helicity variables not only make the incidence relations manifestly simpler, but have the

added advantage of making explicit the self, anti-self dual decomposition. This is expressed in the following
proposition:

Proposition 4.2. eaBFaﬁ and 60‘5Fd/3 are the self and anti-self dual components of F respectively.

Proof of Proposition 4.2.
(*F)adBB = l(eaaeﬁvedﬁem — emeﬁ‘sed‘;eﬁ)F 56
2 ¥y
1

_ i(eaéeﬁ'yed%% _ emﬁmed‘;em)(ﬁfy&Fw +e:5Fys)

— edBFOé,B _ eaﬂpdﬁ
Hence fdgFaBZO < F=—%F and EaﬁFdﬂ':O <— F =x%F O
So we see that the self dual component is purely positive helicity, and the anti-self dual part of the
curvature is purely negative helicity.
4.3.2 The Zero Curvature Representation

We shall see that anti-self dual connections have vanishing curvature on null planes. This is a useful way to
determine anti-self duality. First, we establish the following complex-2 planes as null:

®Note that in Ward's paper, he uses the opposite convention for self/anti-self duality.
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Proposition 4.3. The complex 2-planes in C* given by the constraints:

A2 =0
deaa -0
for some constant spinors A\, or pg are null.

Proof of Proposition 4.3. We will show that the plane 4.5 is null. The argument for 4.6 is almost identical.
The only way for x*“ to contract with the constant non-zero spinor A\, to give zero is if x is proportional

to that spinor:
ad

¥ = eaﬁ)\ﬁud
ui,ué are co-ordinates on the plane. Hence we have:
[ApAp] = € ApgApg =0
O

Planes of the form 4.5 are referred to as alpha planes in the literature, and planes of the form 4.6 are
called beta planes. We would like to say alpha planes are entirely null self dual complex 2-planes; and beta
planes entirely null anti-self dual complex 2-planes. The sense in which this is meant is made precise in the
following proposition:

Proposition 4.4. Only the self dual component of a generic 2-form F' |, _piane restricted to an a-plane is
non-zero. In particular then, if the curvature F of some connection A vanishes on every a-plane 4.5, the
connection A is anti-self dual.

Proof of Proposition 4.4.
F = Ga/g./—"dﬁ' dz®S A dzPP + Gdgfaﬁ dz®S A dzPP
= €apFug d(e* Ay 1) A d(eﬁg)\au[}) + €45FaB d(e*T Ay 1) A d(e'BU)\UuB)
= €apFug NP0, du® A duB +espFas MNP0, du® A d,uB

0
Hence if F vanishes on every such a-plane we have:
FapA® N =0V Ny = Fop =0
O

Of-course an equivalent proposition can be proven in the same way to show that self dual connections
have vanishing curvature on every beta plane.

4.3.3 Ward’s Theorem

We are now ready to state the following theorem [14] by Ward.

Theorem 4.2 (Ward). The set &, of rank n holomorphic vector bundles on twistor space that are trivial on
every linearly embedded CP! C PT is isomorphic to the set .o, of anti-self dual GL(n,C) bundles on C*:

&y = oy,
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4.3.4 The Ward Construction

Starting with a holomorphic bundle F on twistor space, trivial on each twistor line, we'd like to construct
an anti-self dual bundle on C*.

Consider a rank r holomorphic vector bundle E 55 PT on twistor space, that is trivial on every line
CP! c PT.

Then E |1, L, x C" and on L, the covariant derivative is just 94 = O. A holomorphic section is
simply r holomorphic functions on CP!. But by Liouville's theorem (see [6]) these functions are constant,
since the Riemann sphere is compact. Hence we have the simple result:

H%(L,,E|p,)=C"

It is worth highlighting here that we are looking to build a rank r bundle on spacetime whose fibres are
then simply C", hence we have a candidate.

Note that HO(L, E |1,) = ker(da : Q*°(X, E) — Q*!(X, E)). We defined a ‘holomorphic’ section S
as one for which 945 = 0 so indeed H(L,, E |,) is good notation for the space of holomorphic sections
L, — FE.

We can build a rank r vector bundle on C* via the map z%¢ +— H%(L,,E |1,). In other words the
bundle is given by the disjoint union:

E= || HL..E|L,)
zeC4

We must still show that the bundle E is anti-self dual.

4.3.5 Holonomy

In order to endow the bundle £ — C* with a connection, for a small parameter ¢, we need isomorphisms’

of the form:

Given such maps H%(L,,, L.,) = HL,,,,,E |La,,, ) for ordered points 21, . .., z;, we can determine
the holonomy around the closed path given by the convex hull of these points:

Hol, = Pexp/.A
¥

To make explicit the relationship between connections and these path ordered loops, we shall look at
holonomy around a square:

Holg, :Pexp/ A
sq

We will choose the square to be in the 2%, 27 plane: sq = conv{(0,0), (¢,0), (¢, €), (0,¢€)}.

"If we are being careful here, z € C* and y € T, C* so the addition x + ey is then well-defined on C*. We will want to
conformally compactify spacetime later however, so it is more proper to think of 2 + ey as the exponential map exp,, (ey) modulo

é.
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Proposition 4.5. To order O(e?) the holonomy is given by:
Holsy = 1+ 2 F;5(0) + O(€°)

In order to prove this claim we need a couple of short lemmas:

Lemma 4.1. The following two equations hold in a perturbative expansion in e:

€ o 1 .
/ Ai(a*, 27)dx' = eA;(0,27) + 56282-./41'(0,:63) +O(e%) (4.7)
0
€ S . 1 4
/0 Aj(z', 27 )da? = eAj(2",0) + 562(9jAj(:rz, 0) + O(e?) (4.8)
where i is not summed over, and A (z!, 27) is shorthand for A4 (0,...,2%,...,27,...,0)

Proof of Lemma 4.1. For equation 4.7 we may use the fact that 2* € [0, ¢] and Taylor expand:

/Axmjdx—/Aoa:]dx+Z/

But integrating by parts one sees for n > 1:

)

€(xz)nn . J __/e(mi)n n—1 7 nan—1 4. J
/On! orA0.a0) = = [ s A + !eﬁi Ai(0,27)

Hence we have the result 4.7. The proof of 4.8 is identical. O

Lemma 4.2. The pieces of the quadratic term:

[ awnaw)
x<yonsq

in Pexp fsq A where x and y lie on the same side or opposite sides of the square, vanish.

Proof of Lemma 4.2. Schematically, such terms either look like:
/Ai.Aidxi A dzt or /AjAjdlUj A da?

Where the i’s and j’s are not summed. Consequently in either case they vanish by the antisymmetry of
the wedge product. O

Proof of Proposition 4.5.
Pexp/A—1+/A+/ z) A Ay) + O(e)
m<y0n5q

First we look at the linear term:

/ / mOdw—i—/.Aexjd:L‘J /.Ameda:—/AOxjdx]

= €(Ai(0,0) + A;(e, 0) — Ai(0, €) — A;(0,0)) + 5€*(9:4:(0,0) + 0;4; (e, 0) — A0, €) — 9;.4;(0,
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Where we have used equations 4.7 and 4.8 from lemma 4.1. We may now expand to second order in ¢:
1
/ A= 562 {0;A;(0,0) — 9;.4;(0,0) + 0;.4;(0,0) + 9;.4;(0,0) — 9;.4;(0,0) — 9;.4;(0,0) }
5q
= 0;4;(0,0) — 0;.4;(0,0)
Next we look at the quadratic term. Utilising lemma 4.2 we have:

Alz) N Aly) = AxOA e, 2))dx’ A da? — .Aa;OA 0, 27)dz’ A da?
/Kqu““y)/ Aol dst nde? = [ A 04,0, 2)ds'

/ Aj(e, 27) A (2, €)da’ /\dazj—l-/ Ai(x€)A;(0,27)dx" A da?

= 2 {AZ( ) )Aj(ev 0) - Al(ov O)Aj(oa 0) - Aj(ev 0)A2(07 6) =+ -Az(ov 6) j(o’ O)} + 0(63)
= €2 {4;(0,0)4;(0,0) — A;(0,0)4;(0,0)} + O(€’)

In the last line we expanded the expression in powers of epsilon and kept only the leading terms. Putting it
together then we have:

P oxp / A=T4E B4 0) ~ A0 + [A0), A1 0)])

=1+ ¢ F(0)

Therefore if the holonomy of a loop is simply the identity, curvature of the connection vanishes.

The decomposition T,,C* = C? ® C? of the tangent bundle into spin bundles makes it clear that C* is
spanned by null vectors. As such we only need build our connection from the parallel transport along null
paths. But for null separated points 2% and z'*% = 2% 4 ¢y®® the corresponding twistor lines L, and
L./ intersect exactly once at the twistor Z.

La

Figure 3: Two twistor lines L, and L, intersecting at the twistor Z.

But then since sections of our bundle E restricted to just L, or L, are constant, we can simply restrict
these constant functions to the intersection point:

HLy, B |1,) ™ HYZ,E | 7) < H (L, E |1,,)

By proposition 4.4, in order to show that this connection is anti-self dual we need it's curvature F to
vanish on all alpha planes. Our goal will be to calculate the holonomy of a triangle confined to an alpha
plane and show that it's merely the identity. To show this we first we need a small lemma.

26



Lemma 4.3. If the three twistor lines L, L,,, Ly, associated to points x1,z2,z3 intersect at a unique
twistor Z = [u® : A4, the points lie on an alpha plane.

Proof of Lemma 4.3. By translational invariance it suffices to choose x5 = 0 at the origin. Using the
incidence relation u® = r*%\,:

Loy MLy = [p%: Aa] = 28N, =0
Loy MLy = [p%: Aa] = 259N, =0

Hence both x1 and x9 lie on the alpha plane generated by A,. O

L,

(C4
Z

Lxs

Figure 4: Three points on an alpha plane forming a null triangle in C*, and their three twistor lines L,
Ly, and L, intersecting at a unique twistor Z in PT.

Since for three points that lie on an alpha plane we have a triple intersection point in twistor space, we
can use our restriction isomorphisms:

H(Ly,, E|r,) ———— H%(Z,E|z) «+———— H%(La4,, E|yL,,)

HY(Z,E|z) +——— H%(Lyy, Elp,,) —— HY(Z,E|)

Clearly the parallel transport map that sends HO(LJ;I,E|LII) — HO(Lxl,E\Lm) is given by:
7”1_107"307°3_107"207°2_107"1 =1id
Let us summarise what we have so far:

1. We begin with a rank r holomorphic vector bundle ' — PT trivial on each line L, C PT. Triviality
on each line gives us isomorphisms H’(L,,, E lL.,) = H(L,;,E |sz) for any null separated points
x; and x;, since the lines L;, and ij intersect.

2. We build a GL(r,C) vector bundle E — C* on spacetime by the assignment = — H°(L,, E |,).
One can always view this as a GL(r, C) principal bundle by considering the frame bundle.

3. A null polygon confined to an alpha plane has the property that the twistor lines of its vertices all
intersect at a unique twistor.
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4. This unique intersection gives a trivial identity map H°(L,,, F L,,) = = H(L,,,E lL.,) —
oo HY (L, E |L,,) and hence holonomy of E is trivial on alpha planes.

5. By the zero curvature representation, holonomy that trivialises on alpha planes arises from an anti-self
dual connection.

6. As such the bundle E — C* can be thought of as a GL(r,C) principal bundle with an anti-self dual
connection.

One might worry at this point that our bundle is not just anti-self dual but in fact has zero curvature.
However the holonomy was only trivial on alpha planes because of the unique intersection twistor. For a
general null triangle formed as the convex hull of z1, z2, 3 in C?, the twistor lines intersect at L, NL,, = Zs,
Ly, N Ly, = Zy, Lyy N Ly, = Z3 and we have:

HO(Lx17E|Lzl) —— HO(Z37E‘Z3) — HO(LIQaE’Lzz)
7“12l \k?l
HO<Z27E‘ZQ) A HO(L%?E‘LIZ,’) T E— HO(ZlvE’ZJ

This time the parallel transport map that sends H°(Ly,, E|r, ) = H%(Ls,, E|1,, ) is given by:

Tio 0T32 075 0T 075y o013 # id

5 The ADHM Construction

In the following section we come to the ADHM construction. Again we have closely followed the lectures
by Costello [15].

5.1 Building Bundles via Cohomology

Let £y — X and E5 — X be rank r; and 79 holomorphic vector bundles. Then f : £y — E5 is a holo-
morphic bundle map if, in a local frame, f is an ro X 71 matrix of holomorphic functions. If f has maximal
rank: rank(f) = ry then ker(f) C E; is a holomorphic vector bundle. This essentially follows from the
rank-nullity theorem which in this case guarantees the fibres of ker(f) have a consistent dimension.

Similarly if Eg — X and E; — X are rank ry and 71 holomorphic vector bundles and g : Ey — Ej is a
holomorphic bundle map with rank(g) = ro, then E;/im(g) is a holomorphic vector bundle.

Consider the bundles and bundle maps as detailed above such that fog = 0. Then we have the following

cochain:
0‘—>E0£>E1LE2—>0

and consequently the cohomology:
E = ker(f)/im(g)

Algebraists call a short sequence such as this, with g injective and f surjective as we have; a monad.
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Using the fact that Ey = im(g) and FEo = im(f) as-well as a simple application of the rank-nullity
theorem yields:
E1 = Eo CE® E2

We see that E is a rank dim(E1) — dim(Ey) — dim(E2) holomorphic vector bundle on X.

Letting k = dim(E1) — dim(Ep) — dim(E2) and taking X to be twistor space, by Ward (4.2) we get
a rank k anti-self dual bundle E on spacetime.

5.2 The General ADHM Construction

We have now seen that given holomorphic bundles Fy, E1, Fs on PT and maps g : Ey — Fyand f : By — Es
with rank dim(Ep) and dim(FE3) respectively; we can take the cohomology E = ker(f)/im(g) and then by
Ward (4.2) get a corresponding anti-self dual bundle on C*.

5.2.1 The ADHM Monad

The question remains, what bundles and bundle maps should we choose? We shall work in a trivialisation
on the standard patch around z = 0 on PT so that specifying f and g is tantamount to giving holomorphic
matrices.

The rank N charge k ADHM monad is the following:

i
w‘
. — 0 : : O(
Vi+ Xt V21 + X?
1
N

S
@)

2 k
k

O(-1)k 1)k

Remarks 5.1.

1. Each of the components of g mapping O(—1)¥ — OF are either a k x k or k x N matrix worth of
sections s € HO(PT,O(1)). Similarly each of the components of f mapping OF — O(1)* are either
a k x k or N x k matrix worth of sections s € H*(PT, O(1)).

2. As discussed in section 2.3 these components of f and g must be at most linear in z.

3. X% is a holomorphic function of z, and carries information about the distribution of charge. As
indicated above we can write its expansion: X%(z) = X!+ 2X?% This data can be then represented
by X4

4. land Jare kx N and N x k matrices respectively and we can write I(z) = I'+zI% and J(z) = J'42J2.

We must of course still require that the maps satisfy the rank conditions and ensure fog = 0. Furthermore
we must yet show that the bundle E is gauge trivial at infinity if we are to ensure the Yang-Mills action is
finite.
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5.2.2 The Complex ADHM Equation
Proposition 5.1 (ADHM Equation). The ADHM equation:

IJ+x%x =0 (5.1)

is equivalent to the condition f o g = 0 for the maps:

_Vél - X2 . . . .
g=1 Vi1 4+ Xxt and f= (V11+X1 V21 + X2 I)
J
Proof of Proposition 5.1. The proof is a trivial exercise in matrix multiplication. O

It should be noted that the ADHM equation enjoys a GL(k,C) gauge symmetry:

VU e GL(k,C): 1J+ [Xé,Xi} = 0 is invariant under:

X4 Uxey—!
I—UI
J— JU!

Provided I,.J, and X% satisfy the ADHM equation and are such that f is fibrewise surjective and ¢
fibrewise injective, cohomology of the ADHM monad will yield rank N charge & instantons. We should still
ask, is this construction comprehensive? lIs it unique?

5.2.3 The ADHM Theorem

Theorem 5.1 (ADHM). Every GL(N,C) instanton on C* of charge k, with a gauge at infinity such that
A =0, arises uniquely (up to GL(k,C) transformations) from the ADHM construction.

5.3 The Rank Two Charge One Solution

5.3.1 The Rank Two Charge One Monad

The ADHM monad for N =2k =1 is:

0 0% ot L o0 o

We shall centre our solution on the origin (X% = 0) and choose | and J to be (p pz) and (—pz p)T
respectively. Since IJ = 0 the ADHM equation is satisfied. We might better visualise the monad in an
expanded form:

i 2
O(-1) — Y —0 /V\//k 0(1)
— )
—pz P
p pz
@)

Noting we should interpret p as a size parameter.
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5.3.2 The Zero-Size Limit

Consider the limit p — 0. The monad simplifies:

_VQ Vl
O(~1) Vi 0 Ve o(1)
*» 0?2 /

Then for a,b € H°(PT, O(1)):

(Z) € ker (Vi V?) — Vie+ V2 =0

= (- (V) =)

Hence these maps do not contribute to the cohomology. We then see that:

e
lim B = ker [(Vi V2 0) L0t 0(1)] /im vvi LO(-1) = O
0
= ker [(0) : 0% — O(1)] /im [(0) : O(~1) = 07]

~ 2

So we see that in this limit as the instanton vanishes, the bundle becomes entirely trivial.

5.4 Euclidean Instantons

So far the instantons we have managed to produce have been GL(N,C) bundles on C*. Now we turn to the
job of constructing U(N) instantons on R*. We shall do this by enforcing the Euclidean reality condition.
Consider the anti-holomorphic map:

o:PT — PT
(vivie) e (221 (52)

We can induce from this an anti-linear map ¢ : C* — C* by requiring o(L,) = Ls (). Of course one
derives such a map from the incidence relations:




Hence indeed we preserve the incidence relations if:

o:C* -t

P 12 . 722 _g2i (53)
20 22 12 i :

We note that the fixed point of this map:

2+ 23 2l —iz?\ (20 -2 3l +iz?
et +iz? 2% =23 ) " \ -zl —iz? 20+ 73
occurs for 20 real and x!, 22, 23 imaginary. Since the metric is (dz°)? — (dz')? — (d?)? — (dz?)? this
is exactly the Euclidean slice for which the metric is positive definite.

5.4.1 The Euclidean ADHM Equations

Our job then is to find a condition on the ADHM data that yields a Hermitian structure on the bundle E
restricted to the Euclidean slice. We begin with the following proposition:

Proposition 5.2. Holomorphic vector bundles E — PT on twistor space (trivial on each CP' C PT)
satisfying:

o*E = E*
for the map o given by 5.2 induce vector bundles E — C* on spacetime (via Ward) which, when restricted
to the Euclidean slice {x € C* | o(z) = 2} = R*, have a Hermitian structure.

Proof of Proposition 5.2. Suppose the rank N holomorphic vector bundle £ — PT (trivial on each CP! ¢
PT) indeed satisfies 0*E = E*. Then restricting to a twistor line L,:

o*F |p,=Er,, = F},

Then if we further restrict to z = o(z):

Ep, = sz
This descends to sections:
HO(L,,E|1,) = H(Ly, E |1,)"
Therefore by proposition 2.4, the restricted bundle EE — R* with typical fibre E, = H°(L,,E |,) has a
Hermitian structure. O

The dual bundle E* is obtained from the ADHM data simply by choosing the ADHM monad with each
bundle replaced by its dual, each map its transpose and with each arrow reversed:

. X‘z)T Ok Vil - )
ﬁ/(/ (X1)7
O(1)k —— —O \ O(-1)
Vit 4+ (xhHT Vi + (x?)T
ST

ON
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Treating X% as co-ordinates on C*, we can map them under sigma as in 5.3. The monad for o*E is:

i

: 12
Z 2
O ———— oF ————— o)}

We can change frame (trivialisation) for the bundles O(—1)% and O(1)¥ and effectively scale the maps
in this monad by z/ — z. Hence to achieve U (V) instantons on R* we require the following equality of the
ADHM data:

\ =3
VXX*KX o* \(«W)r

1+X X1 =

This equality is guaranteed if we enforce:
_(JQ)‘I‘ 1'2 — (Jl)T Xd _ (Xd)T

Hence we can make some redefinitions and remove the synthetic information:

1 Let [ =1 = —(J2)t

2. Let J:=J' = (I?)f

3. Let B = X1 = X% — (x22)f
4. Let By — —X12 — X2 — (x21)t

Proposition 5.3 (Euclidean ADHM Equations). The ADHM equation 5.1 in the redefined variables above
become:

— J' T+ By, Bl] + [By, Bi] = 0 (5.5)
Jirt+ Bl Bl =0 (5.6)

Proof. The ADHM equation is:

(I' 4+ 212 (' + 2J2) + (X2 4+ 2X22), (XM + 2x20)]
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Then each coefficient in the quadratic in z must individually vanish:

D0 I [X2 XU =0-— 1T+ By, By =0
Ao PI A4 (X2 x4 (X2 xU) =0 — 11t — J1J + By, BI] + [By, Bi) =0
2 PrR4+x2 xM=0— J+ B}, Bll=0

The residual GL(k,C) gauge symmetry in the ADHM data reduces to a U(k) symmetry:

VU € U(k):1J+ By, Bs] =0 is invariant under:
By — UBU™!
I—-UI
J— JUut

5.5 Conformal Compactification

In order for the instantons to have finite action, the connection must approach pure gauge at infinity. We
must still show that the ADHM data produce a bundle which is framed (trivialised with a chosen gauge) at
infinity. As long as this is the case, we can consistently extend the framed connection over a single point
{o0}. We are then free to extend the bundle over R* to one over S*.

We of course begin with the ADHM monad:

x
Mvok

O(-1)F — Ok — O(1)k
V14 B +2B) V21 -By+zB!
1

X
X %

7
ON
with I, J, By, Bs satisfying the ADHM equations 5.4 and 5.5. Using the incidence relation:

Va — xla 4 Z.CL‘2a

we can see that in the limit z9% — oo, we also have V& — o0o. In this limit the monad simplifies:

yok\

. )

O(—l)k Vi O
xo

VJ'I
2
V41 O(l)k
e

N
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Let @ and b be k x k matrices each in OF. Then entirely analogously to what we did for the p — 0 rank
two charge one instanton:

<“> € ker (vi1 V?1> — Vig+v%h=0

b
V2
= ag=——=b
Vi
a ~V? (%) —v?1
V(%)
Hence these maps do not contribute to the cohomology. We then see that:
. . —v1
E |1 = ker [(Vll V21 o) L QN (9(1)’f} Jim || Vil | O(=1)F 5 0N
0
> Ker [(0) LON (9(1)’“] /im [(o) L O(-1)F ON]

~ ON

Hence the bundle ‘at infinity’ is nothing more than the trivial rank N bundle ON: and consequently the
Ward-induced bundle E |g3 is trivial as well.

5.6 The BPST Instanton Reuvisited
We can now derive the BPST instanton from the ADHM data. We have the rank 2 charge 1 monad as
given in section 5.3. The ADHM equations 5.4 and 5.5 are trivially satisfied for this data.

In order to calculate the BPST instanton, we must restrict the monad to a twistor line L, before
calculating the cohomology.

20 @)

. T 217
/(1’}2 ~ % . m
o(1)

O —
— p

Pz /
o0 p

The combination of the map g : O(—1) — O* being injective, and the fact that H°(CP!, O(—1)) =0
means that im(g) = 0 and so E |1, = ker(f). A section of O% is simply a constant (s1 sy s3 34)T e C*

S1 S1
E|,= 2. (. 1i 21 ai 2i 21 _ovzselL
L,= s3] x4+ zx T+ zx —pz p ss| = < z

S4 S4

This gives two linear constraints, for 20 and z'. This can be repackaged into:
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E |, = ker AT
Al — 931% a:l? p 0
T2 22 0

Where At is simply the notation typically used in the literature. We might use the identification H = R*

used in section 3.3 to write:
AT = (x p)

An obvious normalised® basis for the kernel of AT and hence Em is:

1
VPR [x[F AT
It is now a simple exercise to compute the connection A = . (WTdW) to obtain:

1 _

Choosing p = 1 recovers the solution we saw in section 3.3.

6 Concluding Remarks

We have examined the ADHM mechanism for generating instantons and, in doing so, characterised the
moduli space of SU(N) instantons with integer topological charge k. The construction ultimately rests on
the Ward correspondence. Ward showed that there is an equivalence between anti-self dual GL(N, C) bun-
dles on complexified spacetime C* and holomorphic rank N vector bundles on twistor space that are trivial
on twistor lines. The ADHM system provides a way to classify these holomorphic vector bundles and to
systematically relate them to anti-self dual bundles E — C*. We then imposed Euclidean reality conditions
on spacetime, allowing us to endow E with a Hermitian structure and thereby reduce the structure group
GL(N,C) — SU(N).

The ADHM data can be stated without reference to twistors, however. In that setting the construction
appears somewhat ad hoc. From this perspective, the replacement of the non-linear partial differential
equation F + xF = 0 by linear data I, J, By, B> is rather striking. In this essay we have aimed not only to
present the ADHM construction, but also, through the lens of the twistor programme, motivate the origin
of this linear structure.

An auxiliary aim of this essay was to convey some of the utility of twistors. A striking connection is
emerging between algebraic geometry and the study of amplitudes, with twistor theory at its centre. It's
now apparent that amplitudes in certain theories can be efficiently computed via geometry in twistor space.
For example, Skinner and Mason [10] showed that the full tree amplitude for N' = 4 super Yang-Mills can
be obtained from Wilson loops in twistor space. Using momentum twistors, Arkani-Hamed and Trynka
[16] demonstrated this same amplitude can be computed via the so-called Amplituhedron. For further
developments relating Wilson loops and the Amplituhedron, see [17], [18], and [19].

8This means we are considering not a U(2) instanton but rather SU(2).
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A Appendix: Geometry

This appendix endeavours to provide a quick but thorough summary of Cartan's language of differential
forms; the bundle theoretic machinery of differential geometry and an introduction to complex geometry.

Modern mathematical physics is often written in this language. This is due in part to the simplicity of the
formalism. If not simple the reader will surely find it compact. In part the prevalence of these forms is due
to their success in unifying apparently distinct physics. Differential forms are a very natural class of objects
used to generalise calculus from R™ to general differentiable manifolds. See [20] and [4] for references of
the material.

A.1 Grassmann’s Exterior Algebra

Definition A.1. Let V be a linear space over field F. The exterior algebra of V' is the pair (A(V),¢) where
A(V) is a unital associative algebra over F and ¢ : V.= A(V) is a linear map such that:

1. t)?=0VveV

2. for any unital associative algebra A over F and linear map f : V = A also satisfying (f(v))? =
OVwv eV, then 3f : A(V) = A extending f.

If the reader is algebraically inclined then this short definition is very clean, and easy to express in a
categorical language. For those who prefer a more constructive approach we provide the alternative (still
algebraic) definitions.

Definition A.2. The tensor algebra T'(V') of a linear space V is given by:

[e.e]

T(V):=Pvet

k=0
Multiplication in this algebra is given by the tensor product.

The tensor algebra ought to be a familiar construction. It is the starting point for many useful spaces
that arise from quotienting a tensor algebra. Some examples are:

1. Fock space:
F=T(Hyp)/ ~

where H,, is the n particle Hilbert space and ~ symmetrises or anti-symmetrises bosonic or fermionic
states.

2. Universal Enveloping Algebra:

where [A,B]~ A® B—B® A
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Definition A.3. Let [ be the two-sided ideal generated by v ®v for v € V i.e. all elements w1 ® - - - @ w, ®
VRUV® 2] ® -+ ® zy, in the tensor algebra T'(V') containing the factor v ® v. The the exterior algebra over
Vis:

Remarks A.1.
1. The exterior algebra is graded:
oo
A(V) =P AV
k=0
where ARV = span{viA---Avg |v; € V Vi€ {1,...,k}} and the wedge product is the multiplication
on the exterior algebra and arises as the image of the tensor product in the quotient.
2. Quotienting by I guarantees the skew-symmetry of the wedge product:

O=@w+w)Av+w)=vAv+vAw+wAv+wAW=vAW+WAV = VAW=—WAD

A.1.1 Differential Forms

Grassmann's exterior algebra has many uses, including for example geometric algebra used to frame Eu-
clidean geometry, and non-commuting variables describing fermionic degrees of freedom. We will use it to
define Cartan’s theory of differential forms.

We define A*T*.#, the k' exterior bundle to be the bundle whose typical fibre over p is AkT;//l.
Smooth sections of this bundle are denoted QF(.#) = T'(A*T*.#) and referred to as 'k’ forms. These
objects are best thought of as totally anti-symmetric covariant (0,k) tensor fields on a manifold.

The wedge product lifts to k forms pointwise and is graded commutative:
aAB=(-1D"BAa YaeQUa)V B e Q)

Note: QF(.#) is a vector space® (albeit infinite dimensional over R) with the addition inherited pointwise
from T4 .

We can work in the graded algebra Q°(.#) = @, Q¥ (.#). We wish to have a means of traversing the
grading structure. We first address grading regression via a definition. After we tackle graded ascension by
means of a theorem.

Definition A.4. The interior multiplication (contraction) is defined for any exterior algebra A(V) as follows:
Ly o ARV = ARy
Vi A AU »—)Z(—l)i_l(vi,w> A AN Ay, YV, € VVweV*
i

where the i vector is omitted and (-,-) : V' x V* — F is the natural pairing. Specialising to forms we
sometimes write X Jw = 1x(w) for X € X(.#) and w € QF(.#) where contraction is defined pointwise.

Theorem A.1 (Exterior Derivative).

J'R — linear operator d: Q¥(%) — QY (%) Yk >0V % C .4 open, such that:

®Alternatively QF(.#) is finite as a module over the ring C*°(.#)
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1. V% C M open: a=0a' on % = da=da’ on %

2.V feC®(A), df coincides with the differential of the map

3. dlaAB)=daAB+(-1)andBY acQUH)Y B e Q(H)
4. Pa=0V aec Q)

Proof of Theorem A.1. First we prove uniqueness:

Locality (1.) == we can work in charts, hence we choose a co-ordinate basis {dx'} for QY (%) on
the patch %. Graded Leibniz (3.) and nilpotence (4.) == d(fdx!) = df A dx' for a function f and
dx! = dxz™ A --- A dx' for the multi-index 1. Hence by linearity we have d(ajdz!) = dag A dx!.

Next we prove existence:
Define the derivative on a chart patch % by d(ajdz’) = daj Adz' for k-forms o and simply df is defined to
be the differential on functions. Then locality (1.) and agreement with the differential (2.) are immediate
and the graded Leibniz rule (3.) follows from the ordinary Leibniz rule d(fg) = fdg+gdf ¥ f,g € C(%)
and the graded commutativity of the exterior algebra. Nilpotence of d (4.) on functions follows from the

commutativity of mixed partial derivatives d? f = d(%dw’) = 838];1- dx? Adz" and nilpotence on forms is an

immediate consequence of nilpotence on functions d?(a;dx!) = d(dajAdz?) = d*af Adx! —dayAd?x! =0
O

A.1.2 Integration

Differential forms allow us to integrate on a manifold. Take .# to be a smooth oriented n dimensional
manifold throughout.

First consider a top form w € Q"(.#) with compact support in a single chart suppw C % . Then letting

x' denote both the co-ordinate maps and co-ordinates in the image, w can be written asw = f dz'A- - -Ada™
for smooth function f € C°°(.#) and its integral is given by:

/w—/ flx)ydzt Ao Ada™
M o(%)

Where f(z) = f ox~! is the co-ordinate representation of the function and the RHS is to be interpreted as
a standard integral of a function over a domain in R", the wedge products are purely to track orientation.

Now to relax the single chart support, we make use of a partition of unity {¢;} subordinate to an open
cover {%;} of .# . Then the integral of a compactly supported top form w € Q"(.#) is:

w = P w
=2,
Here we will simply state Stoke's theorem but not provide a proof, which can be found in [20].

Theorem A.2 (Stoke's Theorem). For an n-dimensional manifold .# without boundary and an n — 1 form
with compact support w € Q" 1(.Z):
/ dw =0
M
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For an n-dimensional manifold .# with boundary 9.# and an n — 1 form w € Q" 1(.#):

/ dw:/ w
M oM

A slightly more elaborate object to consider is a form valued in a vector bundle. For a review of fibre bundles
peek ahead at section A.2.

A.1.3 Forms Valued in Vector Bundles

Suppose E = .4 is a vector bundle with the typical fibre of a rank n vector space V. We say an E
valued k form w is a section of £ ® A*T*.# and write w € QF(.#, E). To be clear, at a point p € ./ the
E valued k form w is an element of AkT;.//{Q@ V. Alternatively w |, is a totally skew symmetric linear map:

Wl Tyl X -+ X Tyl =V

k copies

In local co-ordinates one could write w = g(z) dz' A---Adx* where g : .# — V is a vector-valued function.
Or alternatively w = h ® 1 where the section h : .# — E is the bundle factor, n = f(z) dz' A--- A da¥ is
an honest k form. Here g(x) = f(x) - h(x) where - is the pointwise scalar multiplication on V.

A vector bundle can be adorned with additional structure. In particular if V' is an algebra, we can multiply
vector valued k forms. For physics applications we are typically interested in forms valued in the Lie algebra

g of some group. Here we treat only matrix algebras, muttering something about Ado’s theorem to justify

ourselves!?.

Definition A.5. Let w € QF(.#,g) and n € QP(#,g) be k and p forms respectively valued in a matrix
Lie algebra g. We can write w = A ® @ with A € C®(#,g) and @ € QF(.#). Similarly write n = B® 7.
Then the wedge product is to be understood as:

wAn=AB® (@A)

Where the product is matrix multiplication pointwise on the g factors and the ordinary wedge product on
forms.

Definition A.6. Let w and 7 be as defined in definition A.5. Then the commutator is to be understood as:
w,n] =[A,B]@o A7
Proposition A.1. Let w and 7 be as defined in definition A.5. Then:
wonl=wAn— ()" nAw
Proof of Proposition A.1.
w,n] =[A,Bl@@o A7
=AB@wAnN—BA®®AT
=ABQoANij—(-1)" BA@iA®
—wAn— ()" pAw

°Ado’s theorem states that under fairly mild conditions, Lie algebras are always equivalent to some matrix algebra.
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Corollary A.1. The commutator vanishes on even degree forms w € Q% (., g):

[w,w] =0

A.2 Fibre-Bundles

Gauge theories at the classical level are enormously redundant descriptions of dynamical fields propagating
on spacetime. That sentence should not be parsed as a scathing indictment of gauge theory, but opera-
tionally as a counting of the degrees of freedom. If one wants a rigorous account of such theories that can
be extended to topologically interesting spacetimes one arrives at the construction of principal bundles. This
is a technology that allows us to make local symmetry transformations independently at each spacetime
event, while accounting both for the spacetime structure and for the myriad of ways a collection of fields
might transform under said symmetry group.

What follows is a series of definitions that form the backbone of gauge theory. To begin with, the
cornerstone of modern geometry, the fibre bundle:

A.2.1 Smooth Fibre Bundles

Definition A.7. A smooth fibre bundle consists of the tuple of data (E, #,m, % ); referred to as the total
space, base space, projection and typical fibre respectively; such that:

1. E, #,% are smooth manifolds
2. w: E — . is a smooth surjective submersion

3.Vp€ . # 3U C .M open with P € % and 3@y : 7Y (U) — % x F a diffeomorphism (called a
local trivialisation)

4. 710Dy = m where m : % X F — % s projection onto the first factor

A conservative notation for the bundle (E,.#,n,#) is E = .#. Local trivialisations express the
property that locally fibre bundles are simply a Cartesian product of the base space with the typical fibre.
The following commutative diagram illustrates these local trivialisations:

W U)VCE 2% U x F

a lm

UM —1 sy CH

Maps o : .# — E assign to each point in the base space, some element in the fibre over that point. Such
maps are called cross sections (or sections for short) as they carve a slice through the bundle. All sections
are assumed to be smooth as maps between manifolds. I'(E') denotes the space of smooth sections for any
bundle E. For the tangent bundle T.# for some manifold .#, the special notation X(.#) .= I'(T.#) is
used as here sections are to be interpreted as vector fields.

Definition A.8. A vector bundle is a smooth fibre bundle as in A.7 such that the fibre .% has a linear
structure.

Next we define the notion of a principal bundle. These are fibre bundles with a group action on the
fibres. In fact the fibres themselves are each isomorphic to a copy of the structure group. This is the key
to describing gauge transformations- a structure that can handle group transformations that vary over the
spacetime.
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Definition A.9. A fibre bundle (£, # ,7,G) according to definition A.7 where G is a Lie group is called a
principal G bundle if:

1. 3I(PG): P2xG— P, (p,g)—Dp-g a smooth right action of G on P
2.p-g=p = g=e free G action on fibres &,
3.Vp,qe P, A geG:q=p-g transitive G action on fibres &2,

Remarks A.2.

1. Properties 2. and 3. in definition A.9 guarantee each fibre is diffeomorphic to G.

2. Sections of the bundle are gauge transformations. To each x € . #, g : . # — & assigns a group
element m3 0 &4 o g(x) € G on each local trivialisation.

The following commutative diagram illustrates the local trivialisations and the group action:

N w)yC @ 2%y x G

BZ’AGT TG
Wy @ 2% o x G
o | "
v — s ycu

This structure serves as the master-key. One imagines dialling a gauge on the Principal bundle and each
field in the action transforms accordingly. For this to work we require the notion of an associated bundle.

Definition A.10. Let & 5 . be a principal bundle as given in definition A.9. Given a representation
p: G — GL(V), the associated vector bundle E ™25 . is given by the quotient:

E=(2xV)]~
where the equivalence relation ~ is given by (p,v) ~ (p/,v') <= 3g€G:p =p-g, v =p(g~H)(v).

It's worth pausing here to appreciate the apparatus we've developed. Given an action consisting of
an array of field content, invariant under some local group of symmetries; gauge invariance of said action
dictates the representation under which the group linearly transforms each field. After constructing a prin-
cipal bundle and associated bundles for each representation as specified by the action; one has systematic
control of the gauge transformations simultaneously for each field. This is true of flat spacetimes, curved
spacetimes, spacetimes with holes and handles and all manner of topological quirks.

An important vector bundle associated to a principal bundle is the adjoint bundle, whose representation
space is the Lie algebra.

A.2.2 Connections and Curvature

Yang-Mills theory is in truth a theory of connections on principal bundles. In the following we make this
precise:
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Definition A.11. The vertical subspace 7, of the tangent space of a principal bundle & at a point ¢ € &
is the subspace 7,27 C T,Z given by the kernel of 7, : T'% — T.# (the differential of the projection map
m) at ¢

Ve P = ker(mylq)

Definition A.12. A connection is a pointwise smooth choice of decomposition of the tangent bundle into
vertical and so called horizontal sub-bundles 7,7 = ¥, & @ J, < subject to:

1. (P " g) (D) =P VgeG
2. P C TS is a smooth sub-bundle.

The first property is simply a group action compatibility condition. If we push the horizontal space
tangent to some point in a fibre to another point in the fibre using the group action it ought to agree with
the choice of horizontal space we'd made there. This is illustrated in figure 5:

G- action (

Typical Fibre

Horizontal

a

Base Manifold

Figure 5: A depiction of the G-invariance of a connection

It turns out there is an equivalent yet much more useful way to characterise the connection. This is done
via a global one-form on the principal bundle. This connection one-form is valued however not in functions
on the bundle but rather functions on the Lie Algebra. We write w € Q2!(Z2, g) to denote the space of such
forms.

We also require the notion of a fundamental vector field. These are vector fields generated by a Lie
algebra element and tangent to curves lying entirely along a fibre. The vector field generated by X we will
denote X# and is given by Xt = % lt=0 q - exp(tX) where here - denotes the right action of the group,
and exp is the exponential map g — G.

Definition A.13 (Connection 1-form). A connection one form on a principal bundle & is a Lie algebra

valued one—form:
w € QI(P, 9)

satisfying:

L wX*)=X VXecg,

2. (Z ng)'w=Ad,w forall g € G.
Remarks A.3.
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1. The first property in definition A.13 can equivalently be stated by requiring w restricts to the Maurer-
Cartan form on fibres.

2. The second property demands that pulling w back by a group action is equivalent to instead mapping
the Lie algebra factor by the inverse of said group element. This is a compatibility condition that
amounts to property 1 in definition A.12

3. The connection is recovered from the connection one form via J,% = ker(w |,)

As with any connection there is an associated notion of curvature. In General relativity one associates
to the Levi-Civita connection on the frame bundle the Riemann curvature 2-form R = dw +w A w. It is
then common to conflate the gl(4,R) valued 2-form with a (1,3) tensor field. Here too we have a g-valued
curvature 2-form on the principal bundle:

D=dw+wAw

Where the wedge product is to be understood as matrix multiplication on the algebra factors and an ordinary
wedge product on the form factors!®.
Given a local choice of gauge, i.e a section g : % — £, we can pull back the connection and its
curvature:
A= g'w (A.1)
F :=g"Q (A.2)
These fields are now Lie algebra valued forms on the base manifold; A € Q' (A4, ad %), F € Q*(4 ,adP)
where adZ? is the adjoint bundle whose typical fibre is the Adjoint representation space, g. This subtly

different notation for being ‘Lie algebra valued’ reflects how these Yang Mills fields transform under a gauge
transformation. 4 and F are simply related by:

F=dA+ANA

For the most part we physicists are concerned with fields that propagate on spacetime. As such from
here we will mostly work with A and F locally rather that w and .

Since the group action on a principal bundle is free and transitive on the fibres, locally two section s and
s’ are related by a function g : % — G-

s'(x) = s(z) - g(x) Ve e %
g: % — G is called a gauge transformation.

Consider a tensor field K € T'(E) for some vector bundle E associated to & by the representation
p: G — GL(V). Then under a gauge transformation g(z), K — p(g)(K).

Hence under such a gauge transformation A and F transform as:

F = g]-"g*1

A gAg !t —dg g7t

11f G is not a matrix group then w A w is to be understood as %[w,w] where the forms are multiplied with the ordinary wedge
product, and [-, -] is the Lie bracket on g
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Where the connection picks up an extra Maurer-Cartan term because it is an affine connection and not a
tensor.

A p-form K on the base manifold which is valued in a vector bundle E associated to the principal bundle
& by the representation p : G — GL(V') can be covariantly differentiated:

dAK = dK + p.(A)(K)

In practise one simply writes:
da=d+ A

And the representation is inferred from the object being differentiated. For our purposes we will only be
concerned with the Adjoint bundle and so:

da=d+[A,]
Proposition A.2 (Bianchi Identity). The local curvature F satisfies a Bianchi identity:
daF =0
Proof of Proposition A.2.

duF = dF + [A, F]
= d(dA+ ANA)+ [AdA+ AN A
—dANA— ANdA+ANA— dANA+ANANA—ANANA
=0

A.3 Complex Geometry

The purpose of twistors is to connect integrable systems with homological data, and to translate between
conformal structure on spacetime with complex structure in twistor space. We must then develop some
complex geometry. We begin with complex manifolds.

A.3.1 Complex Manifolds

Definition A.14. Given a manifold M and p € M with tangent space T, M; a linear map J, : T, M =
T, M such that:

J? = —id ‘TpM
Is called an almost complex structure.

The almost complex structure provides at least an analogue of multiplication by i on the tangent bundle.

A complex manifold is a very analogous to a smooth manifold, where local patches are instead homeo-
morphic to C™ and the smooth structure is replaced by a holomorphic structure.

Definition A.15. A topological space X which is Hausdorff and second countable is a complex manifold of
complex dimension n if:

1. Vx € X there exists both U C X an open neighbourhood of  and a homeomorphism ¢ : U — V C C"
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2.V U, U openin X with UNU" # 0 with ¢ : U — V and ¢’ : U’ — V', the transition maps
¢ o | ywnun: e(UNU') — ¢'(UNU') are holomorphic as maps from an open subset of C" to
CTL

Maps between complex manifolds are said to be holomorphic if in some (and hence any) co-ordinates
the represented map is holomorphic. The complex analogue of a diffeomorphism is called a biholomorphism;
this is a holomorphic map with a holomorphic inverse.

An almost complex structure gives the tangent bundle a pointwise complex structure in the sense of
linear algebra. This does not necessarily guarantee the existence of holomorphic co-ordinates.

Proposition A.3. Every complex manifold admits an almost complex structure.

Proof of Proposition A.3. Let 2z = z' 4 iy’ be holomorphic co-ordinates on a complex manifold X. It is
sufficient to specify a linear map J : T, X = T,X on basis vectors. Choosing the co-ordinate basis let
J(0y) = 0y and J(0y) = — 0y O

Hence we see that a complex structure is at least as strong as an almost complex structure. In fact it is
stronger.

An almost complex structure lends itself to an eigenspace decomposition of the tangent bundle if we
first complexify:

TeX =TX @ C

Then the decomposition is:
TeX =TX @ T X

Where J(V) = iVVV e Tp’XVpe X, JV)=—-iVVV eT)XVpe X and the direct sum
is defined fibre-wise. The sections of T*YX are called holomorphic vector fields and sections of 701X
anti-holomorphic.

To see precisely when an almost complex structure on the tangent bundle arises from a complex structure
on the manifold, we state but do not provide proof of the following theorem

Theorem A.3 (Newlander-Nirenberg). Let X be a topological space with an almost complex structure J. If
the corresponding decomposition of the tangent bundle satisfies:

[T X, T)'X] CT)' X Vpe X

where [-, -] is the Lie bracket, then J is said to be integrable and arises from a complex structure.

A.3.2 Holomorphic Vector Bundles

Holomorphic vector bundles are a straight forward generalisation of smooth vector bundles (as defined in
A.8) to complex geometry. These structures will be of the utmost importance in this essay so we give the
full definition, mirroring that of the real case.

Definition A.16. A rank d holomorphic vector bundle consists of the tuple of data (H, X, m,V); referred
to as the total space, base space, projection and typical C-linear fibre respectively; such that:

1. H, X are complex manifolds, V' is a C-linear d-(complex) dimensional vector space

2. m: E — X is a holomorphic surjective submersion
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3.Vp€ X 3U C X open with P€ U and 3@y : 7 1(U) — U x V a biholomorphism (called a local
trivialisation)

4. 1 0Py =7 where m; : U x V — U is projection onto the first factor

A useful way to construct a holomorphic vector bundle is by gluing local sheaves'? together. We give
this equivalent definition:

Definition A.17. Let X be a complex manifold. A rank d holomorphic vector bundle over X consists of
an open cover {U;}ier of X, where | is the index set; and holomorphic transition functions f;; : Uy NU; —
GL(d,C) on every intersection satisfying the following co-cycle conditions:

2. fij=1fy'Vijel
3. fijfjkfki:id on UiﬂUjﬂUkVi,j,kEI

We can construct the data in definition A.16 from the data in definition A.17 by:
H=| |U;xC/~

(:L',’U) e U; x C? ~ (m,fij(x)v) S Uj x C% Vx ceU;N Uj

([z,v]) =z

A.3.3 Complex Projective Space

Next we turn to the subject of projective geometry.

Definition A.18. The nth complex projective space CP" is the space of complex one-dimensional subspaces
of C™t1:
CP" = (C™*' —{0})/ ~
(215 2n41) ~ (Az1, ..., Azpy1) A e Cr
An extremely useful way to put co-ordinates on CP" is to choose ‘homogenous co-ordinates’ [z1 : -+ :
Zn+1] where the square brackets indicate the equivalence class. In other words these co-ordinates are defined

up to an overall scale [z1 : -+ : zp1] = [Az1 -+ 2 Azpy1] and note: [z1: -+ 0 zpq1| [0+ : 0]
It is simple to choose a holomorphic atlas:

U ={[z1:":2n41] | z2: # 0} (A.3)
$illz1: - : zmp]) = (? ,gi,...,z’;fl) ccr (A.4)

Where the hatted co-ordinate is omitted. There are a few things to comment on here.
Remarks A.4.

1. It ought to be noted that ‘homogenous co-ordinates’ are really elements of the manifold and the charts
above give honest co-ordinate charts.

256 Appendix B

47



2. The co-ordinate maps are well-defined. This is because under a change of scale; z; — Az, z; = Az

o 4 s M
the ratio Pl vl unchanged.

3. The charts cover the manifold since [0 : - - : 0] is not included.

4. The transition functions ¢; o ¢; !

.~ are holomorphic and as such CP" is a complex manifold. This is
worked out below:

-1
pjod; (z1,...,2n) =0i([zr -0 (1 1ot zy)])
ith slot
21 1 z
Zj Zj Zj

Since the map is a function only of the co-ordinates and not their conjugates it is holomorphic by the
Cauchy-Riemann equations. Note on the chart overlap neither z; nor z; vanish.
A natural way to produce CP? is via the Hopf fibration. Consider the following U (1) action on S7 C C*:

0

(2'1, 22,23, Z4> = (eiezla €i9227 eiez37 ei Z4)

Then CP? can be realised by the quotient:
CP? = S7/U(1)
The principal U(1) bundle S7 — CP? is called the Hopf fibration.

The space CP! has a very nice interpretation as the 2-sphere. All real and orientable two dimensional
manifolds admit a complex structure and are know as Riemann surfaces. CP! is the Riemann sphere.

Proposition A.4. Every 2d real orientable manifold is a complex manifold.

Proof of Proposition A.4. Let X be such a real manifold. Choose an almost complex structure J to be 90°
rotation. After complexifying the tangent bundle 791X is a complex rank 1 vector bundle. As such it is
locally generated by a single vector field which we shall call Z = X 4+ iJX. We note that JZ = —iZ and
as such is indeed a section of 771 X. In fact any such anti-holomorphic vector field Z can be written in
this form by taking X = %Z. Then V¥ 71,7, € T"'X 3 f,g € C®°(X,C) : Z1 = fZ, Zy = gZ. Then
(Z1,Z5) = (fZ(g) — 9Z(f))Z € T(T%' X). Hence by the Newlander-Nirenberg theorem A.3 X is a complex
manifold. O

B Appendix: Sheaves and Cohomology

The following appendix briefly addresses some cohomology theories. See [6] for a reference of the material
provided.

B.1 Sheaves

Cohomology is a tour de force of modern algebraic topology. The idea is rather simple and yet far reaching.
Given a topological space, one hopes to associate algebraic structures to the space that are invariant under
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some class of topology preserving transformations. For the topologist this class might consist of homeomor-
phisms or perhaps homotopies. For the physicist who concerns his or herself with smooth spacetimes this
class is likely diffeomorphisms. In this manner one might hope to classify certain spaces up to topology.

At the risk of (ever so slightly) reducing the generality of the following section, but in the interest of
providing a clear language and algebraic structure we will consider only sheaf cohomology.

Definition B.1. Let X be a topological space. A presheaf of sets .% consists of the following data:
1. V U C X open, we have a set .%(U) called the 'sections’ over U.

2. For every inclusion V' C U there is a restriction map pyy : #(U) — % (V) such that:

(@) puu = idzw)
(b) puw =pvwopuyV WCVCU.

Definition B.2. Let X be a topological space and U C X open with {U;};c; an open cover of U. A
presheaf % on X is a sheaf if:

1. For s,t € Z(U) : puy,(s) = puu,(t)V 1 €] = s=t.

2.V {si}ier with s; € F(U;) such that py, v.nu; (si) = pu,vinu;(s5) V4,7 € I there exists a section
S e <g\(U) such that pU,Ul-(S) =s;Viel

Remarks B.1.
1. The 'sections’ of % coincide with cross sections of fibre bundles in that context, hence the name.

2. The restriction condition in definition B.1 ensures that the way we restrict sections is well defined on
the various ways to ‘zoom in' on a patch.

3. The first condition in definition B.2 is known as locality. It tells us that if two sections agree locally at
each point in some region, then that is enough to conclude their equality on said region. This ought
to sound very reasonable.

4. The second condition in definition B.2 is known as gluing. This gives us the necessary tools to build
global sheaves out of local pieces.

5. It should be noted that the first sheaf axiom implies that the global sheaf built from gluing is unique.

6. An abelian sheaf is defined in the same way as definitions B.1 and B.2 but with the additional
requirement that .% (U) be an abelian group.

B.2 Cochain Complexes

All sheaf cohomologies considered in this text will be cohomology of Abelian groups. To build such a
cohomology, one begins with something called the complex. This is a graded object C'* together with an
ascending, nilpotent map d: C* — C* i.e.:

c"z@ck d:Cck - okt d2 =0
k
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The cochain complex is then the following sequence:
0 bt S erd

A step in a sequence is said to be exact if the image of the preceding map equals the kernel of the
succeeding map. Cohomology of the cochain complex precisely measures the failure of exactness at each
step.

Definition B.3. For a complex (C*,d) and corresponding cohain:
0Lt L et d

The k" cohomology group is given by the quotient: H* := ker(d : C* — C*+1)/im(d : *=1 — CF)

B.3 de-Rham Cohomology
Definition B.4. The de-Rham complex on a smooth manifold M is given by:
1. A graded vector space Q* = ), QF(M,R)
2. d: QF(M,R) — Q¥ (M, R), Cartan's exterior derivative on forms.
The de-Rham cohomology groups are then:
HY, = ker(d : QF(M) — QFTH (M) /im(d : QF (M) — QF(M))

i.e. closed k-forms modulo exact k-forms.

B.4 Cech Cohomology

Cech cohomology measures the failure of local sheaf data to glue. A fantastic reference for this section is [6].

Let X be a topological space and .% a sheaf of Abelian groups on X. Furthermore fix an open cover
U = {Ui}ier. For the multi-index (ig, ..., %) write Uj,...;, == U;y N---NUj,.

The pt" Cech cochain group for this cover is:

CP(U, F) = H F(Uiy..i,))

(i0,...ip)EIPT]

To be clear, ﬂ(UiO.,,iP) is an abelian group whose elements are sections on Uj,...;,. An element of the
th

p"" cochain group is a family sections on X. It should be noted that for a finite cover, the product of
Abelian groups is simply the direct sum.

The ‘co-boundary’ operator is given by:

§:CP(U,Z) — CPTH(U, %)
p+1
k
(0¢)ip...i, = Z(*l) Cignipenipt Uigig
k=0

Where zAk indicates omission. The easiest way to appreciate this operator is with a basic example. Consider
an open cover consisting of two patches U; and Us and look at 6 : CO(U,.#) — C*(U,.Z). Then for
c=c1 @ ey, (06)ij = ¢ |Uy, —Ci |Uy, and hence measures the failure of the two sections ¢; and ¢y to glue
on the overlap. More generally the co-boundary operator measures how data glues on intersections.
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Proposition B.1. The co-boundary operator is nilpotent: 62 = 0

Proof of Proposition B.1.

p+2

(520)i0---ip+2 = Z(_l)j(éc)io,,_i;,_,ipﬁ |Ui0.4.ip+2
=0
~ ~ . fork<j

p
C. :
oc), =~ . = E —1 k 20U 2j . Up42
( )zo...lj...1p+2 kZO( ) {Cio.“f\ o forkzj

Ljo Ukt 1o Ip42
p+2 p+2

p+2 51
2N, . _E:E:_]Jrk ~ E:E: J+k _
(5 C)ZO---1P+2 - ( zo...zk...zj...zp+2 20 7,] A1 Tp42
§=0 k=0 §=0 k=j
let [ = k41 in the second sum
p+2 -1 p+2 p+2
2N, . _E:E:_]Jrk ~ - _E:E: ]+l -~ -
(5 C)ZO--~7'17+2 - ( 100 0.l dp 2 zo...zj.‘.zl...zp_;_g
j=0 k=0 J=01l=j+1
and relabelling indices yields:
p+2 -1 p+2 p+2
2N, . _E:E:_]Jrk ~ _E:E: k+] R
(6 C)ZO"'ZP+2 - ( Zo...zk...Z]...1p+2 lo...’ik...i]’...ip+2
§=0 k=0 k=0 j=k+1
then noting;:
p+2 p+2 p+2 -1
DD IFIEDIP N/
k=0 j=k+1 =0 k=0

yields the result

As such we have the complex (C*(U,.%),§) and cochain:
0 U, 2) S CNU,2) L U,z S
We define the co-cycles and co-boundaries as follows:
) = ker(d : CP(U, . F) — CPTH(U, F)) + co-cycles

U7
F) — CP(U,.F)) < co-boundaries

BP(U,.Z) :=1im(d : CP~ (U,

Then the p Cech cohomology group with respect to this cover is:
HP(U, F) = Z°(U,.F)/BP(U, %)
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